Abstract. A new and simple proof of the embedding of the Hardy-Hilbert space of Dirichlet series into a conformally invariant Hardy space of the halfplane is presented, and the optimal constant of the embedding is computed.
∞ n=1 a n n −s , with square summable coefficients, and set
Using the Cauchy-Schwarz inequality, we find that a Dirichlet series f ∈ H 2 is absolutely convergent in the half-plane C 1/2 := {s : ℜ(s) > 1/2}. To see that C 1/2 is the largest half-plane of convergence for H 2 , consider f (s) = ζ(1/2 + ε + s), where ζ denotes the Riemann zeta function and ε > 0.
When studying function and operator theoretic properties of H 2 , it has proven fruitful to employ the embedding of H 2 into the conformally invariant Hardy space of C 1/2 (see e.g. [6, Sec. 9] ). The embedding inequality takes on the form
Observe that the embedding inequality (1) implies that Dirichlet series in H 2 are locally L 2 -integrable on the line ℜ(s) = 1/2. Indeed, the proofs of (1) in the literature go via the local (but equivalent) formulation (2) sup
To prove (2), one can use a general Hilbert-type inequality due to Montgomery and Vaughan [3] or a version of the classical Plancherel-Polya inequality [2, Thm. 4.11].
It is also possible to give Fourier analytic proofs of (2), the reader is referred to [4, pp. 36-37] and [5, Sec. 1.4.4]. It should be pointed out that these proofs do not give a precise value for either of the constants C and C. This note contains a new and simple proof of (1), which additionally identifies the optimal constant C. The proof is based on the observation that the H 2 i -norm of a Dirichlet series is associated to a Hilbert-type bilinear form which is easy to estimate precisely. 
and the constant √ 2 is optimal.
Proof. Let x be a positive real number. We begin by computing
Expanding |f (1/2 + it)| 2 , we find that
The identity (3) will serve as the starting point for both the proof of the inequality f H 2 i < √ 2 f H 2 , and for the proof that √ 2 cannot be improved. Let us first consider the Hilbert-type (see [1, Ch. IX]) bilinear form associated to (3). Given sequences a, b ∈ ℓ 2 , we want to estimate
By the Cauchy-Schwarz inequality, we find that
Setting b = a, we obtain the desired inequality f H 2 i < √ 2 f H 2 . For the optimality of √ 2, we again let f (s) = ζ(1/2 + ε + s) for some ε > 0. Clearly, f 2 H 2 = ζ(1 + 2ε). We insert f into (3) and estimate the inner sums using integrals, which yields Letting ε → 0 + , we conclude that if f H 2 i ≤ C f H 2 , then C 2 ≥ 2.
